We study quantum coherence in a spin chain with both symmetric exchange and antisymmetric Dzyaloshinsky-Moriya couplings. Quantum coherence is quantified using the recently introduced quantum Jensen-Shannon divergence, which has the property that it is easily calculable and has several desirable mathematical properties. We calculate exactly the coherence for arbitrary number of spins at zero temperature in various limiting cases. The σ z σ z interaction tunes the amount of coherence in the system, and the antisymmetric coupling changes the nature of the coherence. We also investigate the effect of non-zero temperature by looking at a two-spin system and find similar behavior, with temperature dampening the coherence. The characteristic behavior of coherence resembles that of entanglement and is opposite to that of discord. The distribution of the coherence on the spins is investigated and found that it arises entirely due to the correlations between the spins.
be distributed across several subsystems (intrinsic coherence). Intrinsic coherence has the property that local basis transformations, which in general change the amount of coherence (coherence is a basis dependent quantity), leave the coherence unaffected. Several models were examined in ref. 47 , but to date utilizing the quantum Jensen-Shannon divergence for quantifying coherence has not been explored any further.
In the context of quantum many-body systems, it was found in numerous works that entanglement can be used to detect quantum phase transitions in condensed matter systems [48] [49] [50] [51] [52] . This is natural since quantum correlations underlies both entanglement and quantum phase transitions. But entanglement accounts only for non-local quantum correlations and does not consider other kinds of correlations and quantum features 53, 54 . To have a complete understanding of the role played by quantumness of an object in physical phenomena it is important to consider the role played by other features like quantum coherence. Studies have been carried out with a view to understand the role of quantum coherence in spin chain models. Most of these works were focussed on anisotropic XY model 34 with a view to understand the role of quantum coherence in investigating quantum phase transitions. Such a deep understanding of coherence is applicable to not only naturally occurring systems in condensed matter, but also artificially created metamaterials such as those being routinely produced with cold atom, ion trap, and superconducting systems [55] [56] [57] [58] . Of particular interest are materials with spin-orbit coupling as this is one of the basic ingredients of topological quantum states, which are fundamental to many fascinating effects such as the quantum Hall effect, topological insulators, and anyonic statistics.
In this paper, we study the behavior of quantum coherence in the XYZ spin chain with Dyzaloshinskii-Moriya (DM) interactions. The Hamiltonian that we consider is 0 it has ferromagnetic behaviour. The model described above is integrable and an exact solution can be obtained using Bethe Ansatz 59, 60 . Despite its simplicity the model describes the magnetic properties of a wide range of compounds and also has a very rich mathematical structure based on group theory 61, 62 . Though the Heisenberg model was successful in describing the magnetism of several systems like KCuF 3 , CsNiCl 3 and CsCuCl 3 it could not explain the weak ferromagnetic behaviour of certain compounds like α-Fe 2 O 3 , MnCO 3 and CoCO 3 in their antiferromagnetic state. A detailed investigation of this problem was carried out by Dyzaloshinskii 63 and Moriya 64 . As described in 63 weak ferromagnetic behavior arises due to the relativistic spin-lattice and dipole interactions. This DM interaction causes spin canting, a behavior in which the spins are tilted by a small angle instead of being exactly parallel to each other. This characteristic feature is the source of the small amount of magnetism in the above mentioned materials. Based on crystal symmetry 64 it was found that spin-canting can be described by the DM antisymmetric exchange interaction term.
Generally, the magnitude of the DM interaction is small compared to the spin-spin interaction in naturally occurring materials, but is important to include it as it changes the nature of the system greatly. These changes have been studied from the perspective of quantum information theory particularly in the measurement of quantum correlations like entanglement [65] [66] [67] and quantum discord 68, 69 . From the studies on quantum entanglement 67 and discord 69 , it was found that the critical temperature below which these correlations start decreasing can be altered by varying the DM interaction. Further, the direction of the DM interaction has a direct bearing on the extent to which this change happens. In particular, it was found that as the DM interaction increases, the entanglement increases whereas the quantum discord decreases. This paper is organized as follows. First we examine the coherence of certain limiting cases of the model which allow for an exact solution. Later we characterize the quantum coherence of a two qubit spin models with added DM coupling interaction. Finally the basis dependence of quantum coherence and its effect in spin chain models is presented. A summary of our conclusions is presented in the Section of Discussion.
Results
Limiting cases at zero temperature. In this section we consider some of the limiting cases of the Hamiltonian (1) where it is possible to obtain an exact expression for the coherence at zero temperature. J z = 0 case. The first limiting case we consider is where J z = 0, J x = J y = J, and D D (0, 0, ) → = , which is written Being a one-dimensional system, this can be explicitly solved using a Jordan-Wigner transformation to map between spins and fermions: Under this transformation, the Hamiltonian (2) can be recast as
For periodic boundary conditions this can be diagonalized by Fourier transform where c e c q N n inq n The ground state of the Hamiltonian (2) is in the total spin 0 n n z σ ∑ = sector, which corresponds to having N/2 fermions.
The ground state can then be written as where n = (n 1 , n 2 , …, n N/2 ) and q = (q 1 , q 2 , …, q N/2 ) are the sets of momentum satisfying Λ q < 0. Reverting to the spin formulation, the ground state is where Ω(σ 1 , …, σ N ) is a phase factor which originates from (9) and the phases picked up by the Jordan-Wigner transformation. We now evaluate the coherence using the square root of the quantum Jensen-Shannon divergence, defined as
This was introduced in ref. 47 as a measure of coherence. Here ρ and ρ d denote the density matrix of the state and the closest incoherent state under the distance measure and S(ρ) is the von Neumann entropy. We take the closest incoherent state to be the density matrix where all the off-diagonal elements of ρ are set to zero 4 . For pure states this measure satisfies all the axioms of a distance and also obeys the triangle inequality and hence is a metric. Thus this measure has both entropic nature and geometric properties. In the limit where N is sufficiently large, the quantum coherence of the system as measured using the Jensen-Shannon divergence (11) attains the value C = 1 as shown below. To evaluate the measure we need to find the entropy of the density matrix of the state, its closest incoherent state ρ d and also the entropy of the symmetric sum of these density matrices.
Firstly, since the state is pure, the entropy of the density matrix ρ is zero. For the state (10) the precise knowledge of Ω(σ 1 , …, σ N ) is in fact not necessary, as it is invariant under the particular phases of the state. We may thus take the phases to be zero, and we evaluate the eigenvalues of the incoherent density matrix and the (ρ + ρ d )/2 to be
From the eigenvalues we find the entropy of the (
and the entropy of the incoherent state is ρ = ( )
Our final expression for the coherence is then 
For J < 0 for ferromagnetism, the ground state configuration of the system is either
x y 0 , with σ = ±1. For J > 0 we have antiferromagnetism, and the ground state is a Neel state with every second spin flipped in (17) . In either case, we take the condensed matter physics point of view that the ground state is spontaneously broken to one of these states. In all these cases the states are already in the decohered basis, hence
If we choose to preserve the spin-flip symmetry the ferromagnetic ground state is
x y 0 ,
here the coherence evaluates to
In either case the coherence is considerably lower than the opposite regime as given in (15) . We thus see the general behavior that for zero J z the zero temperature ground state has a large amount of coherence, as given by (15) . As the J z term is increased, this diminishes, and for the spontaneously broken case of (18) it reduces to zero. Thus the J z parameter can be seen as the crucial control for the amount of coherence. Two-site model at non-zero temperature. The previous section revealed the general behavior that is expected in the XYZ model with DM interactions. We now examine what occurs at intermediate values of the parameters, and also include non-zero temperature effects. An exact solution for the thermodynamic limit is not available for the general case. We therefore consider a two-site system which should show the general dependence of the coherence on various parameters. The Hamiltonian of a two qubit Heisenberg model with Dzyaloshinsky Moriya interaction is
The DM interaction can be oriented in an arbitrary direction in general. We examine the effect of the DM interaction in various directions in the following sections.
DM interaction in the z-direction. The Hamiltonian of a two qubit anisotropic XYZ model with DM interaction oriented along the z-direction D D (0, 0, )
The model is ferromagnetic when J x,y,z < 0 and antiferromagnetic when J x,y,z > 0. Diagonalizing the Hamiltonian in (22) The eigenvectors of the Hamiltonian are 
where the matrix elements are
The partition function of the system is then
J T x y J T / / z z Figure 1 gives the typical behavior of quantum coherence for the XYZ model including the DM interaction in the z direction. We first observe that coherence decreases with temperature as expected due to an increase in thermal fluctuations, which has the effect of decreasing quantum coherence ( Fig. 1(a) ). All the quantum correlations are generally constant at very low temperature and starts to decay only after a thershold temperature. This is because thermal fluctuations are strong enough to affect the quantum correlations in the system only above the characteristic temperature set by the gap energy, which is non-zero for a finite sized system. We find that the temperature at which the coherence falls from its maximal value, tends to increase with interaction parameters. Previously it has been observed that entanglement displays a behavior which is similar to the one described above for coherence 66, 67 . On the other hand, quantum discord was found to decrease with the interaction parameters for a given temperature 69 . This difference in behavior between entanglement and discord has been argued to be due to the faster decrease of local quantum correlations which are not accounted for by entanglement. In this context we wish to note that due to spin-flip symmetry, the local coherence as defined in 47 is zero and the total coherence observed in the system is entirely due to the correlations between the spins. Due to the non-local nature of quantum coherence its behavior is reminiscent of entanglement in the system. This gives credence to the point of view that coherence which is not localized on any of the qubits may contribute to the entanglement between them 47, 70 . As the interaction parameters are increased the coherence saturates to a fixed value. This fixed value varies with temperature when J z is varied, but when J x and D z are changed the coherence always saturates to the value C = 0.56. This is because in the z-basis the σ z term contributes to the diagonal elements, whereas σ x and σ y contributes to the off-diagonal terms and hence actively participate in generating coherence.
This behaviour is also observed in the case of an XXZ model, where the spin-spin exchange coefficients in two directions coincide whereas in the third direction it is different (J x = J y ≠ J z ) and the DM interaction is in the z-direction. Here again we find that the coherence saturates at a finite value. This value varies with temperature when J z is varied, but when D z is changed the saturation value is always C = 0.56. These conclusions can be observed from the fact that the results displayed in plots (a) and (b) of Fig. 2 are identical to the plots (b) and (d) respectively of Fig. 1 . Thus we find that the qualitative behaviour of coherence as a function of the spin-spin and DM interaction parameters shows some universal features in the spin models. for the y-direction. These have rather similar properties hence we will discuss (29) primarily and simply show the results for (28) . The eigenvalues of (29) are The partition function of the system is
We calculate the coherence in the y-direction using (11) as before and is displayed in Fig. 3 . The general trend in the graph indicates that coherence decreases with temperature due to the increase in thermal fluctuations which destroys the quantum coherence in the system. Coherence increases as the strength of the interaction parameters is increased and saturates to a finite value. From the results we observe that the maximal saturation value is attained when the DM interaction parameter is varied. For coherence in the x-direction we verify that identical results are obtained as that shown in Fig. 3 , up to a transformation J x → J y , J y → J x , J z → J z for the same temperature. This is as expected as in terms of coherence the Hamiltonians (28) and (29) only differ according to a replacement of σ x ↔ σ y in the DM interaction. Both are coherence generating terms and since the coherence is generally unaffected by phase information, similar effects should result from either.
The quantum coherence of the XXZ model (J x = J y ≠ J z ) and the completely isotropic XXX model (J x = J y = J z ) with DM interaction in the x-direction are also analyzed. The behaviour of quantum coherence with respect to spin-spin and DM interaction parameters are given in Fig. 4 for various temperatures. We observe that the behaviour of coherence in these models is quite similar to the corresponding results for the XYZ model with D y given in Fig. 3 . This is because the σ x term is a coherence generating term and has similar effects on both the XYZ Hamiltonian as well as the XXZ model and isotropic XXX model.
Basis dependence of quantum coherence. Measurement of coherence in quantum systems via meas-
ures like relative entropy, 1  -norm 4 and Jensen-Shannon divergence 47 requires a characterization of incoherent states (states with zero coherence). To define the incoherent states in a d-dimensional Hilbert space  we choose a particular basis. Any density matrix diagonal in this basis belongs to the set of the incoherent states and a given measure of coherence estimates the distance to the closest incoherent state. A state which is incoherent in one particular basis b 1 may become coherent when it is transformed to a different basis b 2 via a unitary transformation. So in the new basis b 2 this state need not belong to the set of incoherent state and hence it cannot be used to measure the coherence. Alternatively a state in the basis b 1 which has a finite amount of coherence will become diagonal and hence incoherent in the b 2 basis. The set of incoherent states thus completely depend upon the choice of the basis used and so the coherence is a basis dependent quantity. Throughout our study on the XYZ model discussed in this work we have computed the coherence in the z-basis. In this section we investigate whether there is any change in the behavior if the coherence in the x and y bases are measured, and contrast them with the results obtained through the computational basis.
To compute the coherence in the x or the y basis, the thermal density matrix ρ is rotated into its respective basis. After this, the incoherent state ρ d and the state (ρ + ρ d )/2 corresponding to the rotated density matrix are found, and the quantum Jensen-Shannon divergence is calculated in the same way. The entropy S(ρ) is invariant The coherence in the x and y basis are shown in Figs 5 and 6. The thermal density matrix is an X-state (i.e. of the form of (25) but with arbitrary diagonal elements) if the orientation of the DM interaction coincides with the direction of the measurement basis. When the direction of the measurement basis and the DM interaction are different, in general all elements of the density matrix are non-zero. It is well known that the principle of superposition underlies the concept of coherence and a system with more superposition has more coherence. Therefore when the direction of the measurement basis and the orientation of the DM coupling are different this gives rise to more coherence in the system in comparison to an X-state where only the diagonal and the anti-diagonal elements are present.
In Fig. 5 we compare the coherence measured in the z and x-basis for a XYZ-D z model. From the plots we notice that for a fixed J z , quantum coherence decreases with temperature, irrespective of the measurement basis. But when J z is higher, the rate of fall of quantum coherence with temperature is lower when the measurement basis is orthogonal to the direction of the DM interaction. This is because the coherence which is distributed between all the elements can be classified into two classes. One class contains the diagonal and the antidiagonal elements and the other class contains the remaining terms. These classes have a different dependence on J z and temperature which causes this behavior. When the measurement basis and orientation of the DM coupling are the same the density matrix contains only the diagonal and the antidiagonal terms (i.e. an X-state) and thus have the same J z and temperature dependence and the fall is more uniform.
A comparison of the quantum coherence of the XYZ model as a function of D z and J z in the x-basis and as a function of D x and J x in the z-basis is given in Fig. 6 . We find that the dependence of the coherence in Fig. 6(a,b) have a qualitative similarity at a given temperature. We have also calculated the coherence in the y-basis for a XYZ-D z model, showing a qualitatively similar behaviour to Fig. 6 . Thus we observe that the qualitative behaviour of quantum coherence depends on the direction of the DM interaction and its relative orientation to the spin-spin coupling terms which are varied. Finally, from our analysis it is clear that whatever basis is used, the coherence in these spin models arise entirely due to the correlations between the qubits 47 and the value always interpolates between that of the completely ferromagnetic state and the antiferromagnetic state.
Discussion
The coherence of the XYZ Heisenberg model with Dzyaloshinsky-Moriya interactions was investigated at both zero temperature and non-zero temperatures. Two main analysis were performed, one at zero temperature but for an arbitrary number of spins, where an exact solution is possible in limiting cases. The non-zero temperature case was examined for a minimal two-spin system, under various limits and directions of the DM interaction. For the zero temperature case, a clear picture of the role of coherence emerged, with the DM antisymmetric exchange and J x,y symmetric exchange promoting coherence in the system, while the J z interaction suppressing it. The physical picture of this is simple, as the DM interaction in any direction always contains off-diagonal terms in Pauli operators, which tend to create coherence, which is likewise true for the J x,y interactions. The J z term favors states which are eigenstates in the z-basis, which naturally do not have coherence. This can be seen to be true for any number of spins, and the coherence smoothly interpolates between these two limits. When including temperature effects, we find that quantum coherence decreases with temperature. This can be attributed to a decoherence effect where any superposition instead becomes a mixture. These are all expected effects and shows that the quantum Jensen-Shannon divergence intuitively captures the nature of coherence, even when extended to a interacting many-body system as the one considered here.
In general, when interaction parameters associated with coherence are increased, the quantum coherence increases. However, the qualitative behavior depends on the type of the interaction parameter. When the spin-spin interaction which is aligned along the direction of the DM interaction is varied, the saturation value of coherence depends strongly upon the temperature. If the spin-spin interaction being varied is orthogonal to the direction of the DM coupling, then the coherence saturates to almost the same value. Finally, when the anti-symmetric DM coupling strength is changed the coherence tends to change more rapidly than with the symmetric version. This indicates that the DM interaction influences the quantum coherence in a manner which is stronger than the spin-spin coupling. Another observation is that the temperature at which the coherence falls from its maximum value tends to increases with the interaction parameter. This agrees with the observations for entanglement, but is the opposite to that found for quantum discord. The reason for this is that the entanglement accounts only for the non-local quantum correlations of the system, whereas quantum discord takes into consideration the total amount of quantum correlations in the system. The local quantum correlations which are not accounted in the entanglement studies may fall much faster than the rise in non-local quantum correlations. We note that in all the spin models considered in this paper, the local coherence as defined in ref. 47 was zero and the entire coherence was due to the interaction between the spins. Thus the non-local nature of coherence gives rise to a behavior which is similar to the one observed for the quantum entanglement. We also examined the quantum coherence of the models in different bases and found that there is a quantitative and qualitative change in the coherence depending on the choice of the basis. The coherence is relatively maximum when the direction of DM interaction is orthogonal to the direction of the measurement basis.
In addition to revealing some of the coherence properties of a many-body system, our work shows that the quantum Jensen-Shannon divergence is a useful quantity in terms of quantifying the coherence in quantum systems. As discussed in the introduction one of the main advantages of the coherence measure is that it is formally a distance measure, and thus can be used to distinguish the distribution of coherence in multipartite systems. It can be potentially applied to a variety of different systems, from naturally occuring many-body systems to synthetic metamaterials 54, 71 . Further research in this direction will involve the study of distribution and shareability of coherence in spin models. Earlier studies on a finite sized XXZ model 47 have indicated that the anisotropy acts as a switch changing the nature of the system from polygamy to monogamy. A comparison of this work with these earlier studies will help us to understand the role played by DM coupling in the shareability of coherence. Some other future possibilities include the study of spin models with staggered DM interactions 72 as well as spin chain models with random exchange interactions 73 to understand the role of coherence in condensed matter systems.
